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Abstract 


Supersymmetric zero-brane and one-brane probes in the squashed 4dS3 x S? near- 
horizon geometry of the BMPV black hole are studied. Supersymmetric zero-brane 
probes stabilized by orbital angular momentum on the S? are found and shown to 
saturate a BPS bound. We also find supersymmetric one-brane probes which have 
momentum and winding around a U(1), x U(1)g torus in the S? and in some cases 
are static. 
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1 Introduction 


The near-horizon attractor geometry of a BPS black hole has twice as many supersymmetries 
as the full asymptotically flat solution. In four dimensions, such geometries admit BPS 
probe configurations which preserve only near-horizon supersymmetries, and break all of 
the supersymmetries of the original asymptotically flat solution [I]. A novel feature of these 
configurations is that branes and anti-branes antipodally located on the 5? preserve the same 
supersymmetries. Quantization of these classical configurations leads to lowest Landau levels 
which tile the black hole horizon [2]. In some cases the degeneracies saturate the Bekenstein- 
Hawking black hole entropy [3]. Furthermore, an appropriate expansion of the black hole 
partition function in a dilute gas of these states [4] yields a derivation of the OSV relation 


[5]. 

These interesting 4D phenomena should all have closely related 5D cousins [6]. With 
this in mind, the present paper extends the 4D classical BPS probe analysis of [I] to five 
dimensions. The 5D problem is considerably enriched by the fact that 5D BMPV BPS 
black holes can carry angular momentum J and have a U(1); x SU(2)g rotational isometry 
group [7]. BPS zero-brane probes that orbit the S? are found using a &-symmetry analysis. 
Their location in AdS depends on the azimuthal angle on S?, the background rotation J, 
and the angular momentum of the probe. For one-branes, we find BPS configurations with 
momentum and winding around a torus generated by a U(1); x U(1)g rotational subgroup." 
A one-brane in five dimensions can carry the magnetic charge dual to the electric charge 
supporting the BMPV black hole. Interestingly, we find that this allows for static BPS 
“black ring" configurations, where the angular momentum required for saturation of the 
BPS bound is carried by the gauge field. 


Inclusion of these states in the partition function of [4] could lead to non-factorizing corrections to the 
OSV relation. 


2 Review of the BMPV black hole 


The 5D N = 2 supersymmetric rotating black hole arises from M2-branes wrapping holo- 
morphic curves of a Calabi-Yau threefold X. It is characterized by electric charges qa, 
A=1,2,..bo(X), and the angular momentum J in SU(2) jsi. The metric is [7] 


EE 2 
d2 = — (1 * s) ja + d + (1 + 2) (dr? + 12405) , (1) 
1 Le 
d = A [ae? + do? + dy? + 2cos 0dbdó| = P 2 0, (2) 


where the ranges of the angular parameters are 
0 € [0, rr], $ € [0,27], v € [0, 47]. (3) 
c; are the right-invariant one-forms:? 


0, = —sinwdé + cos y sin 0dó, 
09 = cosd0 + sin y sin Odo, (4) 
03 = dy -cos0do, 


and we choose Planck units l5 = (E) 3 — 1. The graviphoton charge Q is determined via 
the equations 


QË = Dascy*y®y°, (5) 


qa = 3DancyP v6, (6) 


with Digo the intersection form on X. 
The near-horizon limit (r — 0) of the metric is 


2 J 2 dy? 
ds? = — E + Zol + 0% + Qa. (7) 


Rescaling t to absorb Q, defining sin? B = => and r? = 1/0, we obtain the metric in Poincaré 


coordinates: 


4 


?The SU(2) rotation matrix is parameterized as: 


dt do? 
ds? ue ES + sin Boa)? + Lr +07 +03 + z (8) 
Oo 


iF HO SS = cos £e r$)/2 sin ge (6-9)/2 
—sin $e *(9-9)/2 cos £e (v+0)/2 


The graviphoton field strength in these coordinates is 


Fig = dA, An = ua 


1 
“9 1d + sin Bos}. (9) 


We will also be using the metric in the global coordinates (7, x, 0, 9, i)? 


ds? = 2 [— cosh? xdr? + dx? + (sin B sinh ydr — cos Bos)? + of +03), (10) 
in which 
An] = VE feos B sinh ydr + sin Bos]. (11) 


The near horizon geometry of the BMPV black hole is a kind of squashed AdS x S?. 
The near-horizon isometry supergroup is SU(1,1|2) x U(1)ie%, where the bosonic subgroup 
of SU(1,1|2) is SU(1,1) x SU(2)rignt [I0]. When J = 0, U(1)er is promoted to SU(2) ice, 
and the full SO(4) = SU(2)rient X SU(2)ie rotational invariance is restored. The unbroken 
rotational symmetries for J 4 0 are generated by the Killing vectors 


G = 0 (12) 
and 


ER — sin dd, + cos (cot 00, — csc 00,), 
p cos P09 — sin p(cot 00 — csc 00), (13) 
& = Op. 


The supersymmetries arise from Killing spinors e which are the solutions of the equation 


1 1 
d+ qual ae (e71°T Fhe — 4e°T Fup) | € = 0 (14) 
3The coordinate transformation between the global coordinates and Poincaré ones is: 

IE cos B cosh x sin T 

|. coshxcosT + sinh x’ 

1 
E = cM 
cosh x cos T + sinh X 
paa = appa + 2 tan B tanh! (eX tan z} 


To solve this in global coordinates we choose the vielbein 


cosh (sin B cos Bw) cosh ydr + sinh (sin B cos Bw) dy], 
sinh (sin B cos Bw) cosh xdr + cosh (sin B cos Bw) dy}, 
— sin (cos? By)d6 + cos (cos? By) sin Odo], (15) 


cos (cos? B1/)d0 + sin (cos? By) sin Odo], 


— sin B sinh xdr 4- cos Bo;]. 


The Killing spinors are then [8] [9] 


—2 (sin B cos BT?! +cos? BT?3 yw e [+3 (cos BT74--i sin Br?ye] a [- i (cos BT94--i sin BY?)4] 


l 


alf 5 (sin BT94—i cos BrT9)yx] el 36in BT 4—i cos BI")r] co 


= S €o, (16) 


where eo is any spinor with constant components in the frame (15). 
For Poincaré coordinates we choose the vielbein 


e = MO dean Bos el = vdo e? = YQ. e? = VQ et = VO. 
2 c 2 c 2 2 2 

(17) 

The Killing spinors are 

1 
gr = v 0, De, (18) 
t 
€ = |ya(1-— sin BT”) — a R(0, o, Wes, (19) 
where 
R(0,Q,) = e AT giten aro, 

Mo = g, (20) 


for constant eg. 


3 Supersymmetric probe configurations 


In this section, we find classical brane trajectories which preserve some supersymmetries of 
the rotating attractor (7). The worldvolume action has a local -symmetry (parameterized 


4 


by x) as well as a spacetime supersymmetry transformation (parameterized by e) which 
acts nonlinearly. A spacetime supersymmetry is preserved if its action on the worldvolume 
fermions O can be compensated by a « transformation [11] [12]: 


0,0 + 6,0 =e+ (1+ D)&(o) =0, (21) 
where I is given in various cases analyzed below. This gives the condition 
(1 — Dje=0, (22) 


which must be solved for both the Killing spinor and the probe trajectory. 


3.1 Zero-brane probe 

For the zero-brane the (bosonic part of the) &-symmetry projection operator is 
1 

Vhoo 


where h and To are the pull-backs of the metric and Dirac matrix onto the worldline of the 
zero-brane, respectively: 


RS 


D (23) 


hoo 


Do 


3X DX” Gv, (24) 
Op X" e T,. (25) 


3.1.1 Global coordinates 


First, let's look at the global coordinates. In the static gauge, where we set the worldvolume 
time o? equal to the global time 7, the &-symmetry operator is 


1 dX" 
je un. 
V hoo dr Cn 


To solve for the classical trajectory of a supersymmetric zero-brane, we plug the Killing 
spinors (I6] into the &-symmetry condition (22) of the supersymmetric zero-brane. A zero- 
brane following a classical trajectory, given by (x(7),0(7), 6(7), v (T)), is supersymmetric if, 
in the notation of (16), 


(26) 


1 ax? 
Tig ar 49 PaSeo = €0, (27) 
00 


for some constant eo, where S = S(x, 7,0, 9, v). The explicit prefactors are 


vQ 


Salo = 2 [(cosh x cos cos? B + sin 6 cos 6 sin? B)T? 


+i cosh x sin 7 cos BI?! — ¿cos 0 sin BI? — ¿sin 8 sin ¢ sin BT” 
+i(cosh x cos r — sin 0 cos œ) sin B cos BT?!], 


B WI = (1X sn 0 cos ġ cos TT! 


cos BT94--i sin BT?) „— (cos BT?4--isin BT?)0 


: . i 1 34 Lig 3 
— sin r sin Best € g3(c0s BI +isin BT” I 


: . :; " . r n i 14 _ 5 1 ; 
—icos T cos 0 sin BT? — ¿cos r sin 0 sin d sin BT? + ¡en PT -ticos BU) sinh y cos BIO 


+i(cosh x — sin 0 cos ¢ cos 7) cos B(sin BT* — i cos BT !)], 


vQ 


Sara = (1) 3 [cosh x cos r cos oT" — cosh x cos r sin ¢ cos BT* 


eles BE aL g sinh x cos BI? — i cosh x sin 7 cos BT? + ¡cos 0 sin BT?) 


+i(cosh x cos 7 cos ¢ — sin 0) sin B(cos BT? + isin BT?)], 
Sur x T [(cosh x cos 7 cos? B + sin 6 cos ¿sin? B)T? 

+i sinh x cos BT? — i cosh y sin 7 cos BT? — isin O sin 9 sin BT? 

+i(cosh x cos 7 — sin 0 cos 6) sin B cos BI”), 


= VQ L(g 14; li (si 04 ; 0 L(g 14; 1 
S esT S = (—1) cos Bet 2 sin BF icos BT Te (sin BI*%=¿cos BT )xet 3 (sin BP ¿cos BI !)r 


+ 3 (cos BI9%4:4 sin BT?)6,— (cos BI?4+i sin BT2)8 |. -- (cos BT?*-Ei sin BT?)óp4 


€ e'2 


We first see that a probe static in the global time 7 cannot be supersymmetric. For such 
a probe we have & = 49 — dé — % — ( and the «-symmetry condition reduces to 


dr dr dr dr 


1 
E [(cosh x cos 7 cos? B + sin 0 cos à sin? B)T? 
y —1 — cos? B sinh^ x 
+i cosh x sin T cos BT?! — i cos 0 sin BI? — isin O sin ¢ sin BI? (29) 


+i(cosh x cos T — sin 0 cos ¢) sin B cos BI Jeg = eo. 


The terms in this equation proportional to cost, sinr and 1 must all vanish separately, 
which is clearly impossible. The lack of such configurations is not surprising, because angular 
momentum must be nonzero for a nontrivial BPS configuration. 
Now we allow the probe to orbit around the S?. Solving the &-symmetry condition (22) 
using (28) for Killing spinors obeying 
LA = -F€o, (30) 
we find the supersymmetric trajectory at a generic (x, 0, 1) to be 
dx _ dó dV _ 4 dp — 


dr dr dr ^ dr A (31) 


This is a probe orbiting along the ¢-direction. 

The constraint on the Killing spinor (80) projects out half of the components of eo, i.e. the 
orbiting zero-brane probe is a half-BPS configuration. We will show in the next subsection, 
using the BPS bound, that this supersymmetric trajectory is unique up to rotations. 


3.1.2 A BPS bound 


The worldline action of a zero brane probe, with mass m and the electric charge q, can be 


written as 
S=-—m f Vhdo® +q | Any, (32) 


where An; is the 1-form gauge field (11). We consider supersymmetric probes which have 


q=m.4 


In global coordinates with o? = 7, the Lagrangian of the system is 


= +*{—my/ cosh? x — x? — [sin B sinh x — cos Bha) + cos 0¢)]? — 62 — sin? 6¢2 
+m|cos B sinh x + sin B(4 + cos 0Q)]]. (33) 


The corresponding Hamiltonian is 


sin B P, — vem sin B P, — Vm 


E 2 j h 
i iX cos B Pepan cos B ) 
where the momenta are 
my Q 
p, = Dx, 
X Wh X 
myvQ - 
Pi OS 34 
0 27x (34) 
1 . . ; 
P; = ux E (- cos B cos [sin B sinh x — cos B(w + cos 06)] + sin? 00) + sin B cos | ; 
Py = Hyg E (- cos B [sin B sinh x — cos B (b + cos 06))) + sin B 
v 9 Vh ? 
and . . . . 
h = cosh? x — X? — [sin B sinh x — cos B( + cos09)]? — 6? — sin? 09?. (35) 


“The zero-brane can be obtained by wrapping M2-branes on the holomorphic two-cycles of the Calabi-Yau 


threefold X. It carries electric charges v4, A = 1,2,..ba(X). Then m = q = S. 


The unbroken rotational symmetries lead to the conserved charges: 


ds = singpPg + cos p(cot OP, — csc OP), 


dos = cos Ps — sin p(cot OP, — csc P), (36) 
did = Po, 
J jeft = Py. 


It is easy to see that there are no static solutions. They would have to minimize the 
potential energy according to 


OH / Bsinh 
== ve cos B cosh (ee A =i); (37) 
Ox 2 cos? B sinh^ x + 1 


which has no solutions for finite x. Physically, the probe is accelerated to x = oo. 

Now we allow the probe to orbit. Solutions of this type can be stabilized by the angular 
potential. The supersymmetric configuration turns out to be at constant radius in the AdSo, 
ie. P, — 0. The Hamiltonian is minimized with respect to x when 


1 sin BP, — 2m 


cos B ES 


tanh x = — 
sin -y*m 
p2 (a p? ( Bp,- Y8 y 


sin 0 cos B 
The value of H at the minimum is 


cos 0Ps = Py 


Amin = Py u sin 0 


Y + P? = Jal; (39) 


r r r 


where |J]? = (Jia)? + (JS), + (JS). This implies the BPS bound 
H 2 | Frient| (40) 


for generic x. 
Up to spatial rotations, we may always choose static BPS solutions to satisfy 


Heg 


1 


ght — EP dass m doit = 0. (41) 


r r 


This implies 
P= 0, cos 0P; = Py. (42) 


Hence, the azimuthal angle is determined by the ratio of left and right angular momenta: 


J 
cos) = H4, (43) 


We can rewrite 9 and 1 in terms of P, and Py. With x = 6=0, 


P¿—cos 0 P, 
ds cosh x( arg —) 
g LLL EP mr 
2 cos 0P¿—P, 2 sin BP- Um 
lh gag oz d 


sin -Vm cos — 
cosh x[tan B(22PP» 72") _ (0080F9 Puy 


Y a es Fin’ + tan B sinh x. 


sin -Vam 
Pc (RE PI (> BPy 2 y 


sin 0 cos B 


Eliminate x through (38), 


Po 1 (e ONE. 
o i. 2 cos 0P,— Py 2 2 sin? 0 i 
P; eN ( sin 0 ) + 2 
E 1 (fu = 008 OF, 
i 2 cos OP¿—Pi 12 2 sin? 0 f 
Pj + ( sin 0 ) + Ps 


Plug in (42), the solution is 
0 =0; geal, y =0, 
for which (Pg, Py) are 


VQ cos 0 
Py = +m, 
2  cosBsinh y + sin B cos0 


Py = +- Q : 
ó — pM ÁÀÁ 
2  cosBsinh y Æ sin B cos0 


The energy of the particle following this trajectory is equal to +Pg: 


n= Y, : 


SS SP 
2 cos Bsinh x + sin B cos0 


(44) 


(45) 


(46) 


(47) 


(48) 


(49) 


(50) 


(51) 


We see that the solution with ¢ = 1 (4 = —1) corresponds to a chiral (anti-chiral) BPS 


configuration. 


Therefore, we have confirmed that the supersymmetric trajectories (31) obtained by 


solving the &-symmetry condition correspond to the BPS states. 


3.1.3 Poincaré coordinates 


In Poincaré coordinates and static gauge o? = t, the &-symmetry condition for a static probe 


is í i 
EJ e — ile = e. 


—d. o 
o2 


(52) 


This equation is solved by simply taking e = e+ = JRO, 6,W)ej. Again, we find a half- 
supersymmetric solution, although the broken supersymmetries are different than in the 
global case. It can be seen that there are no supersymmetric orbiting trajectories in Poincaré 
time. 


3.2 One-brane probe 


In this subsection, we find some supersymmetric one-brane configurations. We consider a 
specific Ansatz with no worldvolume electromagnetic field and with the one-brane geometry: 


0 


T= 0”, 
p = ¢0°+¢'0', (53) 
Y = $+ yo, 


where (0%, at) are worldvolume coordinates, and $, w, d/ and Y” are all taken to be constant. 
Note that since (1, d) are the orbits of (Jj, J2), they may be viewed as one-brane momentum- 
winding modes on the torus generated by (Jf, JA). This torus degenerates to a circle at 
the loci 0 = {0,7}. One-branes of the form (53) at these loci are therefore static (up to 
reparametrizations). 
With no electromagnetic field the k-symmetry condition is? 
l; jr 
5° lees (54) 


where h and I; are the pull-backs of the 5D metric and gamma matrices onto the one-brane 
worldsheet. With the Ansatz (53), we have explicitly 


To = DI.4ÓD,- Ty, (55) 
Dl, = T4 Ty, (56) 
1 iiT 1 / / ON) NU 
g* "Ds soam Deg t Ply + (oy — vd Tel; (57) 


and 
ho = T cosh? x + [sin B sinh x — cos Bh) + cos E + sin? 0 à? 
ha = feos" B(w + cos 09^)? + sin? 0 o°}, (58) 


hg = (lin B sinh x — cos B(y) + cos 0ġ)|(— cos B) (u/^ + cos 0^) + sin? 0 à, 


>There is a simple kappa-symmetric action in six dimensions, but not in five. In 5D we expect an extra 
scalar field along with the transverse coordinates to fill out the supermultiplet. For the case of the M5-brane 
wrapping a Calabi-Yau 4-cycle, the scalar in the effective one-brane arises as a mode of the antisymmetric 
tensor field. The Ansatz of this section corresponds to taking this extra scalar to be a constant. 


10 


and hence 


deth = Ey feos? x[cos? B(11+c0s 0¢')?-+sin? 09 |—sin? O[sin B sinh x0'—cos B(—w'6+- ob) ]?}. 


It is simplest to analyze the k-symmetry condition in the form a 
SITE Sey =i: (60) 

The rotated gamma matrices appearing in this expression are explicitly 
ST ug (61) 


= —2 (cosh? x cos? B + sin? O sin? B)T? — i(cosh x cost cos? B + sin 0 cos o sin? B 
—i cosh x sin 7 cos BI! + isin Ó sin psin BI? 
—i(cosh x cos T — sin 0 cos à) sin B cos BT^)(cos0 sin BT? + sinh x cos BT?)], 


= ST yS (62) 
= 2 cos B{— cosh” x cos 0 cos BT?? 

+ cos B sinh x [i cosh x sin 0 cos 7 cos QI + cosh x sin O sin ¢ sin 7T? 

— cosh x sin O cos sin p(sin BT?* — i cos BT?) 


+ cosh x sin O cos ¢ sin r(cos BT** + isin BT!)] 


— (cos? B cosh? x sin 0 cos ¢ + sin? B cosh x cos 7)1% — sin B cos B cosh x sinh y cos 7 cos 0174 


— cosh x sin 7 sin BT?! + cos B cosh x sinh x cos 8 sin 7T? 
— cosh? x sin O sin ¢ cos BT?? 


—i cosh x(cosh y sin 0 cos $ — cos 7) sin B cos BI? + i cos? B cosh x sinh x cos 7 cos 0T?], 


ST S (63) 
= 2 cos B{+ sinh x sin? 0 sin BT? 

+ sin B cos 0[i cosh x sin Ó cos ¢ cos 7T'* + cosh y sin 0 sin ¢ sin TT” 

+ cosh x sin 0 cos ¢ sin (cos BI“ + isin BT?) 

— cosh x sin O sin cos r(sin BT?* — i cos BT?)] 

— sin B cos B sinh y sin Ó cos 0 cos QI + (cosh x sin? 0 cos sin? B + sin 0 cos ¢ cos? B) 

— cosh y sin? 0 sin 7 sin BT? 

— sin B sin Ó cos 0 sin ¢ sinh XI? + sin O sin ¢ cos BI? 


—i sin? B sinh y sin 0 cos 8 cos QI? — isin O(cosh x sin 0 cos 7 — cos @) cos B sin BT?]. 
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This all simplifies at points obeying 
sinh x = + tan B cos 0 (64) 
when —wv'à + dij = +’. Under these conditions 


Vaeth = 9 (9f cost?) (65) 
and 
S! P Tio + Tryp + (oy! — bo oS 
= EL (gf costi] + (WB, + DEI), (66) 
where 
D, = icos@sin Blcosh y cost cos? B + sin 0 cos ó sin? B 


—i cosh x sin 7 cos BT* + isin O sin ¢sin BI? — i(cosh x cost — sin 0 cos à) sin B cos BI}, 
D, = -— cos B(cos? B sin cos q + sin? B cosh x cos 7)1* + cos B sin B cosh x sin tT! 
+ cos? B sin 0 sin QI? — isin B cos? B(sin 0 cos ¢ — cosh y cos T). 
So far we have not chosen which supersymmetries are to be preserved. We take those 
generated by spinors obeying Ie = +ep, or equivalently [?e9 = FT %e0. In this case, the 
last term in (66) can be dropped and the supersymmetry conditions are satisfied. 
To summarize, any configuration satisfying 


—o+¢h = +H, x-0-0, 
sinhy = +tan B cos (67) 
preserves those supersymmetries corresponding to 
[' e0 Ee. (68) 


Other BPS configurations preserving other sets of supersymmetries can be obtained by 
SL(2, R) x SO(4) rotations of these ones. 

Note that, as for the zero-branes, there are generic solutions for any 0. These include 
0 = {0,7}, which correspond to static one-branes because the (Y, 9) torus degenerates to a 
circle along these loci. Static solutions are possible because a one-brane probe in 5D couples 
magnetically to the dual of the spacetime gauge field Fig of (II) hence there is nonzero 
angular momentum carried by the fields. 
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